Many recent attempts to calculate black hole entropy from first principles rely on conformal field theory techniques. By examining the logarithmic corrections to the Cardy formula, I compute the first-order quantum correction to the Bekenstein-Hawking entropy in several models, including those based on asymptotic symmetries, horizon symmetries, and certain string theories. Despite very different physical assumptions, these models all give a correction proportional to the logarithm of the horizon size, and agree qualitatively with recent results from "quantum geometry" in 3+1 dimensions. There are some indications that even the coefficient of the correction may be universal, up to differences that depend on the treatment of angular momentum and conserved charges. *
Introduction
Recent progress in quantum gravity has made it possible for the first time to directly compute the Bekenstein-Hawking entropy of a black hole by counting microscopic states. Such calculations have been performed both in string theory [1] and in "quantum geometry" [2] , and while significant questions remain in each approach, the outlook seems promising. The agreement between these very different approaches, and the agreement of both with semiclassical calculations that know nothing of the details of quantum gravity, has suggested that the asymptotic behavior of the density of states may be determined by some simple universal feature, such as the algebra of diffeomorphisms at the horizon [3, 4, 5, 6] .
As Kaul and Majumdar have recently stressed [7] , however, different quantum theories of gravity may lead to different higher order corrections to the Bekenstein-Hawking entropy. These corrections may display differences, or-less probably but more interestinglyrelations among quantizations. In Ref. [7] , Kaul and Majumdar compute the lowest order corrections to the Bekenstein-Hawking entropy in a particular formulation [8] of the "quantum geometry" program of Ashtekar et al. They find that the leading correction is logarithmic, with
Although the existing computations of black hole entropy have very different physical starting points, most use techniques from two-dimensional conformal field theory at an intermediate stage. This may be no more than a useful trick-the Cardy formula [9, 10] makes it particularly easy to count states in a two-dimensional conformal field theory-but there are suggestions [11, 12] that such conformal field theories really provide a universal description of low-energy black hole thermodynamics. Whatever the origin of the conformal symmetry, however, the same trick that allows us to determine the asymptotic density of states also permits a direct computation of the leading quantum corrections to the Bekenstein-Hawking entropy.
In this paper, I compute the logarithmic terms in the Cardy formula and use the results to obtain quantum corrections to black hole entropy. I examine a number of approaches, including Strominger's asymptotic symmetry analysis [13] of the (2+1)-dimensional BTZ black hole [14] ; the methods of Ref. [3, 4, 5] , which are based on the behavior of symmetries at the black hole horizon in any dimension; and the string theoretical counting of D-brane states for BPS black holes [15, 16] . In all cases, I find qualitative agreement with the "quantum geometry" result (1.1), with answers that differ by a factor of two in the coefficient of the logarithm and (sometimes) an additional term that depends on conserved charges. I suggest that these differences may be traced back to an ambiguity in the treatment of angular momentum and other conserved quantities, which may lead to the counting of different sets of states. If this is the case, these results represent a surprising new universality in the logarithmic corrections to the Bekenstein-Hawking entropy.
Logarithmic Corrections to the Cardy Formula
The recent "first principles" computations of black hole entropy, whatever their physical starting point, typically rely at some critical stage on the Cardy formula [9, 10] for the density of states in a two-dimensional conformal field theory. I will start by reviewing the derivation of this formula, in order to obtain logarithmic corrections to the density of states.
Let us begin with an arbitrary two-dimensional conformal field theory with central charge c, with the standard Virasoro algebra
for the generators L n ,L n of holomorphic and antiholomorphic diffeomorphisms. The partition function on the two-torus of modulus τ = τ 1 + iτ 2 is defined to be
For a unitary theory, ρ is the number of states with eigenvalues L 0 = ∆,L 0 =∆, as can be seen by inserting a complete set of states into the trace. For a nonunitary theory, ρ is the difference between the number of positive-and negative-norm states with appropriate eigenvalues. If we could somehow determine the partition function, we could extract the density of states by contour integration. Treat τ andτ as independent complex variables (this is not necessary, but it simplifies the computation), and let q = e 2πiτ andq = e 2πiτ . Then
where the integrals are along contours that enclose q = 0 andq = 0. Of course, it is rare that we actually know Z(q,q). But Cardy has shown that it is still possible to relate the behavior of the partition function at high "energy" to its simpler behavior at low "energy," thus giving us some control over the integral (2.3). Cardy's basic result [9, 10] is that the quantity
is modular invariant, and in particular invariant under the large diffeomorphism τ → −1/τ that interchanges the circumferences of the torus. The argument is universal, involving only some general properties of conformal field theory. We can use this result to attempt to evaluate the integral (2.3) by steepest descent. To do so, let ∆ 0 be the lowest eigenvalue of L 0 (often but not always zero), and definẽ By construction,Z(−1/τ ) approaches a constant, ρ(∆ 0 ), for large τ 2 , so the integral (2.6) can safely be evaluated by steepest descents provided that the imaginary part of τ is large at the saddle point. The integral we need has the form
The argument of the exponent is extremal at τ 0 = b/a, and expanding around this extremum, we find
In particular, if ∆ 0 is small (∆ 0 ≪ c) and ∆ is large, the integral (2.6) yields
The exponential term in (2.9) gives the standard Cardy formula, but we have now found the leading correction as well. We must next ask how reliable this approximation is. For f (τ ) constant, the integral (2.7) can be performed explicitly, yielding a Bessel function, whose asymptotic behavior agrees with (2.8) with additional terms that are exponentially suppressed. Corrections from the nonconstancy of f (τ ) may also be computed, and for f (τ ) =Z(−1/τ ), it is easy to check that these are again exponentially suppressed. For large ∆, the expression (2.9) thus gives a reliable first-order correction to the standard Cardy formula.
The BTZ Black Hole
As our first application of Eqn. (2.9), let us evaluate the logarithmic corrections to Strominger's derivation of the entropy of the BTZ black hole. This (2+1)-dimensional black hole has a metric
with
2) * See [17] for details.
and solves the vacuum Einstein field equations with a cosmological constant Λ = −1/ℓ 2 . The spacetime is thus asymptotically anti-de Sitter, and has an outer (event) and an inner horizon at
i.e.,
As Brown and Henneaux first noted [18] , the asymptotic symmetries of Einstein gravity in 2+1 dimensions with negative Λ are described by a pair of Virasoro algebras, with central charges
Intuitively, these are the symmetries of the adS "cylinder at infinity," obtained by restricting diffeomorphisms in the bulk to those that preserve adS boundary conditions. The central charges (3.5) are classical, but they will presumably be reflected in any quantum theory of gravity. Thus in any quantum theory of gravity that has the correct classical limit, the fields should transform under representations of these Virasoro algebras. Given some plausible assumptions [17] -for example, that ∆ 0 is small-one should therefore be able to use the Cardy formula to compute the asymptotic density of states. Now, the generators of the Brown-Henneaux Virasoro algebras can be computed explicitly: they are simply the Hamiltonian and momentum constraints of general relativity smeared against appropriate vector fields. For the BTZ black hole, one finds that up to an ambiguous additive constant [19] ,
As Strominger observed, Eqns. (3.5) and (3.6) can be used to evaluate the exponent in (2.9), yielding
giving the standard Bekenstein-Hawking entropy for the (2+1)-dimensional black hole. It is now easy to read off the logarithmic corrections to the entropy. From (2.9),
is the surface gravity. The logarithmic terms in (3.9) have the same form as those found by Kaul and Majumdar for the nonrotating (3+1)-dimensional black hole. Because of the term involving κ, however, the coefficients are different; in particular, if one restricts to zero angular momentum (r − = 0), one finds logarithmic term that differs from (1.1) by a factor of two.
There is an alternative derivation of the BTZ black hole entropy, first proposed in Ref. [20] , that directly counts states of an induced SL(2, IR) × SL(2, IR) Wess-Zumino-Witten model at the black hole horizon. While the horizon radius r + has a natural expression in such a WZW model, it is difficult to fix r − , so one instead fixes a conjugate variable (essentially a component of the triad at the horizon). As explained in Appendix B of Ref. [17] , the resulting partition function can be viewed as a functional Fourier transform of the partition function (2.2), where the central charge in (2.2) for an SL(2, IR) WZW model is c ≈ 3. One finds 12) where ρ 0 is the partition function for an SL(2, IR) WZW model and k = ℓ/4G.
In the large k limit, the three oscillators of SL(2, IR) can be treated independently, and (2.9) gives
We can evaluate this expression by approximating the sum as an integral and using the method of steepest descents, obtaining
In the formalism of Ref. [20] , the partition function (3.11) is subject to a physical state
We thus obtain a density of states
The resulting logarithmic correction to the entropy agrees exactly with that of Kaul and Majumdar.
It is interesting to note that logarithmic corrections of this sort are absent in the Euclidean path integral approach to BTZ black hole entropy. The first-order corrections were calculated in that formalism in Ref. [21] ; they give an exponentially suppressed contribution to the density of states, with no power law prefactor that would translate into a logarithmic correction to the entropy.
Horizon Conformal Field Theory
The conformal field theory derivations of the preceding section rely on special features of the (2+1)-dimensional black hole. The results are more general than they might appear at first sight, since many black holes in string theory have a near-horizon structure that looks like that of a BTZ black hole [1, 17] . Others do not, however, and the methods do not directly generalize directly to higher dimensions.
A different conformal field theory approach to black hole entropy has recently been proposed, based on a possible universal Virasoro algebra at the horizon [3, 4, 5] . This algebra is obtained by treating the horizon as a boundary and considering the behavior of the algebra of diffeomorphisms of the "r-t plane" near the horizon. The proper choice of boundary conditions is not entirely clear, but several different choices give rise to a Virasoro algebra with central charge
and an L 0 eigenvalue
where A is the horizon area (in any dimension), κ is the surface gravity, and β is an undetermined periodicity. An analysis of the Liouville theory near the horizon obtained from dimensional reduction of Einstein gravity gives a similar result [6] . It is easy to see that these values of c and ∆, inserted into the Cardy formula, give the standard Bekenstein-Hawking entropy. But we can now go further, and compute the logarithmic corrections: Eqn. (2.9) yields
If we can now choose β to be such that c is a universal constant, independent of A, we find an entropy 4) in agreement with the result (1.1) of Kaul and Majumdar.
String Theory
Much of the current interest in black hole entropy was sparked by the discovery by Strominger and Vafa [15] that for extremal (BPS) black holes in string theory, one could compute the Bekenstein-Hawking entropy by counting D-brane states. The relevant configurations are obtained by compactifying a suitable string theory on a manifold with the topology M ×S 1 -M is K3 in the case considered in Ref. [15] , but may be different for other black holes-and considering a collection of D-branes wrapped around cycles of M × S 1 . To count states, one takes the radius of the S 1 factor to be large compared to M, and describes the low-energy excitations of the D-branes in terms of fields moving on S 1 . This description involves a weak-coupling approximation, and is unrealistic for a true black hole. For BPS configurations, however, one can argue that the density of states is protected by nonrenormalization theorems when the coupling is increased.
The sigma model describing the excitations on S 1 is a two-dimensional conformal field theory, albeit a conformal field theory very different from those considered in the preceding sections of this paper. Thus Cardy's formula may be used to count states, and we may again appeal to Eqn. (2.9) to find the logarithmic corrections to the entropy.
For the five-dimensional black holes investigated by Strominger and Vafa, the relevant conformal field theory has central charge
where Q F is the Ramond-Ramond charge and Q H is the momentum around the S 1 . These quantities translate into charges of the associated black holes, and the entropy obtained from the exponential term in the Cardy formula turns out to be A/4G, where the horizon area is
By (2.9), the leading correction to the entropy is thus
We again obtain a logarithmic correction identical to that of Kaul and Majumdar, along with an extra term depending on the Ramond-Ramond charge. A similar analysis can be performed for the four-dimensional black holes of Horowitz et al. [16, 22] , which are obtained from a string theory compactified on a six-torus, with charges Q 2 , Q 5 , Q 6 , and n carried by two-branes, five-branes, six-branes, and strings wrapped around cycles of the torus. In the extremal limit, one obtains a conformal field theory with
corresponding to a black hole with horizon area
The leading correction to the entropy is thus
Again, we obtain an area term of the form (1.1), plus corrections that depend on conserved charges.
Larsen has proposed a related conformal field theoretical picture for a large class of five-dimensional charged, rotating black holes [12, 23] . Such black holes are characterized by a mass M, three conserved charges Q i , and two angular momenta J R,L . The mass and charges can be parametrized as
Larsen shows that many of the properties of such black holes can be understood in terms of a left-and right-moving conformal field theory, each with central charge c = 6, with L 0 eigenvalues
The Bekenstein-Hawking entropy follows from Cardy's formula, and can be written in the form
Since the central charge c is just a number, it is easy to use Eqn. (2.9) to obtain the logarithmic corrections to (5.10). Using the results of [12] , we obtain
where A ± are the areas of the outer and inner horizons. This result may be compared to the nearly identical expression (3.9) for the BTZ black hole.
Speculations
Although the models of black hole entropy considered here involve very different physical pictures of microscopic states, all use two-dimensional conformal field theory as a crucial tool. This makes it possible to compute the leading logarithmic corrections to the Bekenstein-Hawking entropy in a simple and systematic manner. The resulting entropy takes the general form
where F (Q) is some function of angular momentum and other conserved charges. The existence of logarithmic corrections of the form ln(A/4G) is thus a general feature of black hole entropies obtained in this manner. The interesting question is whether the factor of −3/2 in (6.1), which also appears in the results of Kaul and Majumdar, is also universal.
The problem, of course, is that the charges in F (Q) and the horizon area are not, in general, independent, so there is some ambiguity in the division of the right-hand side of (6.1) into separate terms. To explore this issue further, let us return to the Cardy formula (2.9), and note that it can be rewritten as
where S 0 = 2π c∆/6. Hence if the entropy is obtained from a single conformal field theory, and if the central charge c is "universal" in the sense of being independent of the horizon area, the factor of −3/2 will always appear. This sort of "universality" of the central charge seems to be a sensible requirement for any fundamental conformal field theoretical explanation of black hole entropy: one should surely be looking for a single conformal field theory to describe black holes with arbitrary masses and charges. The conformal theories of Refs. [3, 4, 5] do not satisfy this demand, but they are presumably not yet the final word on horizon boundary conditions.
The requirement of a single conformal field theory is less clear. One might reasonably argue that there should be left-moving and a right-moving sectors, as there are for the asymptotic symmetries of the BTZ black hole. Larsen, for instance, has suggested that these sectors could be associated with the inner and outer horizon [12] . The presence of two conformal field theories changes the form of the leading correction in (6.2), which becomes
It is evident that if S L +S R gives the standard Bekenstein-Hawking entropy, the logarithmic correction is no longer − 3 2 ln S B−H , but rather takes a form more like that of Eqn. (5.11) . This difference appears to account for much of the variation among the logarithmic terms found in this paper. The difference may be related to the choice of how to treat angular momentum and other conserved charges when counting states, and thus implicitly to the choice of which states to count. For the (2+1)-dimensional black hole, for example, Strominger's approach starts with a black hole with a fixed angular momentum, and gives an expression of the general form (6.3). The earlier approach of Ref. [20] , on the other hand, does not require a specified angular momentum, and yields an expression of the form (6.2). It will be interesting to see how the results of Kaul and Majumdar [7] , which are based on boundary conditions specific to a nonrotating black hole, change when more general rotating boundary conditions are incorporated.
Appendix. The String Level Density and the Cardy Formula
The expression (2.9) for the density of states differs from the "level density" of string theory [24] , which counts the oscillator states of a string theory. In this appendix I investigate the differences, while simultaneously obtaining a useful check of the methods of section 2.
Let us begin by using the procedure that led to Eqn. (2.9) to evaluate the "partition function" p(n) of Ramanujan and Hardy [25] , the number of partitions of an integer n into a sum of smaller integers. It is easy to see that p(n) is also the number of oscillator states of a bosonic string in one transverse dimension. The generating function for p(n) is
where η(τ ) is the Dedekind eta function. This is almost a chiral partition function Z(τ ) for a c = 1 conformal field theory, but not quite: the modular transformation properties of η(τ ) differ slightly from the standard conformal field theory form. Indeed,
so unlike Cardy's partition function (2.4), the quantity e −2πiτ /24 G(τ ) is not exactly modular invariant. It is straightforward to incorporate the extra factor in the transformation (A.2) into the integral (2.6), however: one must simply replaceZ(−1/τ ) by (−iτ )
in exact agreement with the asymptotic results of Ramanujan and Hardy. The generalization to a partition with N "colors" is immediate. The relevant generating function is now
giving a factor of (−iτ 0 ) N/2 in Eqn. (2.8) and an asymptotic behavior
This can be recognized as the "level density" for a bosonic string in N transverse dimensions, as first computed by Huang and Weinberg in the context of the Veneziano model [26] . This expression and its superstring generalization have been used by Solodukhin to examine logarithmic corrections in the string-black hole correspondence [27] . Let us now try to understand the reason for the differences between the densities of states (2.9) in conformal field theory and the level density (A.5). The key observation is that the partition function for a scalar field in conformal field theory is not actually given by Eqn. (A.1), but is rather [28] Z(τ ) = τ comes from zeta function regularization of a determinant, that is, from zero-modes of the boson. Under the transformation τ → −1/τ , we have τ 2 → τ 2 /|τ | 2 , and it is easily checked that the resulting factor of |τ | 2 is just what is needed to compensate for the transformation (A.2) of η(τ ), restoring the Cardy formula (2.9).
The role of the zero-modes can be explored further by considering a string compactified on a circle of radius R. The Virasoro generators L 0 andL 0 are then [28] Approximating the sums by integrals, we can write (A.8) in terms of modified Bessel functions I 1 (2π ∆/6) and I 1 (2π ∆ /6), and it is straightforward to check that the asymptotic behavior of (A.8) is precisely that of a c = 1 conformal field theory, as given by Eqn. (2.9). The Cardy formula (2.9) can thus be understood as a total density of states, including both the oscillator states counted by (A.5) and the winding states or zero-modes that can contribute to ∆ and∆.
